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ABSTRACT
We consider two possible flat space limits of three dimensional N = (1, 1) AdS super-
gravity. They differ by how the supercharges are scaled with the AdS radius `: the first
limit (democratic) leads to the usual super-Poincare´ theory, while a novel ‘twisted’ the-
ory of supergravity stems from the second (despotic) limit. We then propose boundary
conditions such that the asymptotic symmetry algebras at null infinity correspond to
supersymmetric extensions of the BMS algebras previously derived in connection to
non- and ultra-relativistic limits of the N = (1, 1) Virasoro algebra in two dimensions.
Finally, we study the supersymmetric energy bounds and find the explicit form of the
asymptotic and global Killing spinors of supersymmetric solutions in both flat space
supergravity theories.ar
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1 Introduction
The choice of boundary conditions for a certain field configuration in three dimensional
gravity not only limits the allowed background solutions, but it is also intimately con-
nected to its asymptotic symmetries. For instance, in the seminal work [1] it was shown
that imposing suitable boundary conditions on fields in an asymptotically AdS3 space
enhances the symmetries at spatial infinity from the SO(2,2) isometries of AdS space
to the infinite dimensional conformal algebra in two dimensions. Furthermore, new
excited solutions arise with the same asymptotics but quite different behaviour in the
bulk [2–4]. Recently, a great deal of interest has been devoted to a deeper understand-
ing of certain boundary-condition-preserving symmetries, including the symmetries of
the conformal boundary of Minkowski space: the Bondi-Metzner-Sachs (BMS) sym-
metries [5,6]. Such symmetries, which act at null infinity, are infinite dimensional and
include the Poincare´ algebra as a subalgebra. Although, in their wake, BMS symme-
tries arose as symmetries preserving asymptotic flatness, more recently they have been
studied in connection to locally non-flat spaces. In particular, they have been ana-
lyzed in relation to other null-surfaces, such as black hole horizons, either directly [7,8]
or indirectly, as composite algebras which may be constructed form a ‘near-horizon’
symmetry algebra [9–11].
In three spacetime dimensions, BMS3 symmetries of asymptotically flat solutions
at null infinity [12, 13] and the conformal group of asymptotic symmetries of AdS3
spaces at spatial infinity have been connected to each other via a limiting procedure,
where the AdS radius is sent to infinity [14]. Algebraically, this corresponds to an
I˙no¨nu¨-Wigner contraction of the Virasoro algebra to the BMS3 algebra, but it also
has important physical consequences for the solutions of the theory. For example, an
appropriate infinite radius limit of a BTZ black hole corresponds to ‘flat space cosmolo-
gies’ [15–18]. Of course, it is a relevant and interesting question to ask whether the set
of boundary conditions can be enlarged to accommodate for unbroken supercharges,
hence obtaining supersymmetric generalizations of BMS3. Although supersymmetric
extensions of BMS have been known since the work of [19, 20], the precise boundary
conditions for the gauge field describing the theory to obtain the N = 1 super BMS3
algebra asymptotically were first presented quite recently in [21].
In this paper we aim to extend the results of [21] to include the first extended
supersymmetric, N = 2 case. Our starting point in section 2 will be the construction
of a N = 2 theory of supergravity following from a flat space limit of the N = (1, 1)
AdS3 supergravity of [22]. We then impose suitable boundary conditions on the gauge
fields and compute the asymptotic symmetry algebra of boundary condition preserving
transformations.
At first sight this may appear to be a rather straightforward generalization of known
results; however, as it was shown in [23–29] at the level of the algebra, the limiting
procedure is not unique. In this paper, we construct two different N = 2 relativistic
flat supergravity theories as a limit of N = (1, 1) AdS3 supergravity1. One is obtained
by scaling both left and right moving fermionic generators in the same way, which we
will call the democratic limit. Another flat space limit may be defined by combining
1It is also possible to start from the (2,0) (or equivalently (0,2)) AdS3 supergravity algebra, which
contains R-symmetry, and obtain new N = 2 theories. These cases will not be treated in the following.
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the fermions into two new generators which scale unevenly as the AdS radius goes to
infinity. We will call the latter limit despotic. This leads to a novel N = 2 ‘twisted’
theory of supergravity, which, to the best of our knowledge, has not been analyzed
before.
After constructing the two flat space supergravity theories, we study the boundary
conditions at null infinity in section 3, leading to two different N = 2 super BMS3 alge-
bras. The two asymptotic symmetry algebras are isomorphic to the two super-Galilean
conformal algebras discussed in [28] in the context of the tensionless superstrings. The
democratic symmetry algebra was found also in [27,29], while the despotic algebra was
previously obtained in [23–25] as a Galilean limit of the N = (1, 1) superconformal
algebra. As we will show below, however there are subleties associated to the non- and
ultra-relativisitic limits of the super-Virasoro algebra that lead to the despotic alge-
bra. To avoid any confusion, in the following we will refer to these algebras as N = 2
super-BMS3 algebras, stressing their relativistic origin. Finally, in section 4 we will
compute the energy bounds imposed by supersymmetry, comment on the (supersym-
metric) ground states solutions of both theories and solve the asymptotic and exact
Killing spinor equations. For simplicity of comparison, each section treats both limits
in parallel.
2 Two flat space limits
Our starting point will be N = (1, 1) AdS3 supergravity [22,30], defined as the Chern-
Simons theory with action
I[A] =
k
4pi
∫
STr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
. (1)
The one-form gauge connection A takes values in Osp(1|2,R)+ ⊗Osp(1|2,R)−
A = A+ aJ+a + ψ
+αQ+α + A
− aJ−a + ψ
−αQ−α , (2)
where the generators J±a and Q
±
α span the Osp(1|2,R) algebra
[J±a , J
±
b ] = abcJ
± c , (3a)
[J±a , Q
±
α ] =
1
2
(Γa)
β
αQ
±
β , (3b)
{Q±α , Q±β } = −
1
2
(CΓa)αβJ
±
a . (3c)
Here a, b, c = 0, 1, 2 and α, β = ±1/2 and our conventions for the gamma matrices Γa
are listed in appendix A. All commutators which mix the chiral sectors vanish and the
trace in the action (1) is normalized as
STr(J±a J
±
b ) = ±
1
2
ηab , STr(Q
±
αQ
±
β ) = ±
1
2
Cαβ . (4)
We are interested in taking a flat limit of this action, so we should introduce the AdS
length ` explicitly in the action and make a suitable redefinition of the fields such that
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the limit is finite. To make the connection with the N = (1, 1) AdS3 supergravity
action explicit, we first write
A± a = ωa ± 1
`
ea , k =
`
4G
. (5)
Here ωa is the dualized spin connection and ea is the dreibein. The action (1) reduces
to
I =
1
16piGN
∫ {
2
(
eaR
a +
1
`2
e
)
− `
2
(
ψ¯+Dψ+ +
1
2`
ψ¯+eaΓaψ
+
)
(6)
+
`
2
(
ψ¯−Dψ− − 1
2`
ψ¯−eaΓaψ−
)}
.
Here and in the rest of the paper, we have suppressed wedge products and define
Dψ = dψ + 1
2
ωaΓaψ and R
a = dωa + 1
2
abcω
bωc. We denote the determinant of the
dreibein by e.
For a finite `→∞ limit, the two gravitini ψ± need to be rescaled. The conventional
way to do this is to scale both of them democratically by a factor of 1/
√
`.
ψ+ =
√
2
`
ψ , ψ− =
√
−2
`
η . (7)
Here the factor of i in the redefinition of ψ− is to ensure the same sign for the kinetic
terms of the fermions. The resulting flat space limit is obtained by taking `→∞ and
the action becomes
Idem =
1
16piGN
∫ {
2eaR
a − ψ¯Dψ − η¯Dη} . (8)
We will refer to this limit as the democratic limit.
Interestingly, the democratic scaling (7) is not the only way to obtain a finite action
when sending `→∞. Another possibility is to redefine the fermionic fields in a manner
similar to the bosonic part of the gauge connection A:
ψ± = ψ ± 1
`
η . (9)
We end up with a well defined action in the limit `→∞, but different from (8). Now
we obtain
Idesp =
1
16piGN
∫ {
2eaR
a − ψ¯Dη − η¯Dψ − 1
2
ψ¯eaΓaψ
}
. (10)
We shall call this limit the despotic limit.
In the next two subsections, we will analyze the two limits as two different con-
tractions of the Osp(1|2,R)+ ⊗ Osp(1|2,R)− algebra and perform some basic checks
of the resulting theories. Readers familiar with the conventional N = 2 flat space
supergravity (8) may want to skip straight to section 2.2 where we treat the despotic
limit.
3
2.1 Democratic flat space limit
The democratic action above can similarly be obtained as a Chern-Simons theory of a
contraction of the Osp(1|2,R)+ ⊗Osp(1|2,R)− algebra by defining new generators
Pa =
1
`
(J+a − J−a ) , Ja = J+a + J−a , Q±α =
√
±2
`
Q±α . (11)
Using the commutation relations (3) and taking `→∞ we find that these generators
span the N = 2 super Poincare´ algebra, albeit with no R-symmetry.
[Ja, Jb] = abcJ
c , [Ja, Pb] = abcP
c , [Pa, Pb] = 0 , (12a)
[Ja,Q±α ] =
1
2
(Γa)
β
αQ±β , [Pa,Q±α ] = 0 , (12b)
{Q±α ,Q±β } = −
1
2
(CΓa)αβPa , {Q±α ,Q∓β } = 0 . (12c)
The democratic action is nothing else than the Chern-Simons action (1), now with level
k = 1/(4GN),
2 and the connection A is parametrized as:
A = eaPa + ω
aJa + ψ
αQ+α + ηαQ−α . (13)
The supertrace now has non-zero components
STr(JaPb) = ηab , STr(Q±αQ±β ) = Cαβ . (14)
The action (8) is invariant off-shell under the supersymmetry transformation laws
δA = dλ+ [A, λ] with λ = αQ+α + ζαQ−α . In terms of the fields these transformations
read:
δeµ
a = −1
2
(
¯Γaψµ + ζ¯Γ
aηµ
)
δωµ
a = 0 , (15a)
δψµ = Dµ δηµ = Dµζ . (15b)
The commutator of two supersymmetry transformations closes on-shell into a general
coordinate transformation, a Lorentz transformation (with dualized parameter λa =
abcΛbc) and a supersymmetry transformation with parameters:
[δsusy(1, ζ1), δsusy(2, ζ2)] = δg.c.(ξ
ν = −1
2
(¯2Γ
ν1 + ζ¯2Γ
νζ1)) (16)
+ δLor(λ
a = −ξνωνa) + δsusy( = −ξνψν , ζ = −ξνην) .
The closure of the supersymmetry algebra is on-shell, so in verifying the above we used
the field equations
Ra = 0 , T a = −1
4
(
ψ¯Γaψ + η¯Γaη
)
, Dψ = 0 , Dη = 0 . (17)
where the torsion tensor is defined as T a = dea + abcωbec.
2The factor of ` in the Chern-Simons level (5) is cancelled by a factor of 1/` coming from the trace
(4) using the relations (11)
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2.2 Despotic flat space limit
As in the democratic limit, also the despotic action (10) can be obtained from a con-
traction of the Osp(1|2,R)+ ⊗ Osp(1|2,R)− algebra. The field transformations (9)
induce the redefinitions
Pa =
1
`
(J+a − J−a ) , Ja = J+a + J−a , Rα =
1
`
(Q+α −Q−α ) , Gα = Q+α +Q−α . (18)
These generators span an algebra which in the `→∞ limit reads
[Ja, Jb] = abcJ
c , [Ja, Pb] = abcP
c , (19a)
[Ja,Gα] = 1
2
(Γa)
β
αGβ , [Pa,Gα] = 1
2
(Γa)
β
αRβ = [Ja,Rα] (19b)
{Gα,Gβ} = −1
2
(CΓa)αβJa , {Gα,Rβ} = −1
2
(CΓa)αβPa . (19c)
Note that this algebra still has an Osp(1|2,R) subalgebra spanned by Ja and Gα. This
explains the mass term for ψ in the action. Due to this term, the curvature equation
obtains a contribution from the gravitini
Ra = −1
4
ψ¯Γaψ , (20)
This mass term would allow for the possibility of asymptotically non-flat solutions, if
the gravitini ψ takes on a non-zero expectation value. Such a solution would break
supersymmetry and one would still need to check the consistency with the other field
equations
T a = −1
4
ψ¯Γaη , Dψ = 0 , Dη +
1
2
eaΓaψ = 0 . (21)
Despite the possibility to have non-flat solutions, the supersymmetric ground state of
this theory is Minkowski space and hence we will call this a flat space supergravity.
The action (10) can also be defined as the Chern-Simons action (1) with level
k = 1
4GN
and connection
A = eaPa + ω
aJa + ψ
αGα + ηαRα . (22)
The supertrace in this case reads
STr(JaPb) = ηab , STr(GαRβ) = Cαβ . (23)
The action is invariant under supersymmetry off-shell and the supersymmetry trans-
formation laws are
δeaµ = −
1
2
(
¯Γaηµ + ζ¯Γ
aψµ
)
δωaµ = −
1
2
¯Γaψµ , (24a)
δψµ = Dµ δηµ = Dµζ +
1
2
eaµΓa . (24b)
The commutator of two supersymmetry transformation closes as
[δsusy(1, ζ1), δsusy(2, ζ2)] = δg.c.(ξ
ν = −1
2
(¯2Γ
νζ1 + ζ¯2Γ
ν1)) (25)
+ δLor(λ
a = −ξνωνa − 12 ¯2Γa1) + δsusy( = −ξνψν , ζ = −ξνην) ,
modulo the field equations.
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2.3 Another basis for the algebras
In the remainder of the paper, we will impose boundary conditions for both flat super-
gravity theories obtained in this section and discuss the asymptotic and exact Killing
spinors. In order to do so, it is convenient to consider a basis where the Chern-Simons
connections are naturally written in BMS gauge. In both cases we will define
Ln = U
a
nJa , Mn = U
a
nPa , with n = −1, 0,+1 (26)
for some invertible matrix Uan defined in (109) as well as redefining all fermionic
generators as
Qα → 1√
2
Q−α (27)
This map effectively changes the tangent space metric ηab to γnm defined as
γnm =
 0 0 −20 1 0
−2 0 0
 . (28)
We refer the reader to appendix A for more details, specifically for our conventions for
the gamma matrices in this basis. Performing this change of basis in the democratic
algebra (12) leads to
[Ln, Lm] = (n−m)Lm+n , [Ln,Mm] = (n−m)Mm+n , [Mn,Mm] = 0 , (29a)
[Ln, Q
±
α ] = (
n
2
− α)Q±α+n , [Mn, Q±α ] = 0 , (29b)
{Q±α , Q±β } = Mα+β , {Q±α , Q∓β } = 0 , (29c)
while the despotic algebra (19) now reads:
[Ln, Lm] = (n−m)Lm+n , [Ln,Mm] = (n−m)Mm+n , [Mn,Mm] = 0 , (30a)
[Ln, Gα] = (
n
2
− α)Gα+n , [Ln, Rα] = (n2 − α)Rα+n = [Mn, Gα] , (30b)
{Gα, Gβ} = Lα+β , {Gα, Rβ} = Mα+β , (30c)
{Rα, Rβ} = 0 = [Mn, Rα] . (30d)
An interesting observation at this point is that on top of the Z2 grading of supersym-
metry, it is possible to equip the bosonic sector of both algebras with an additional Z2
grading [31] under which the Ln generators are even and the Mn odd. The fermionic
sector of the despotic case is naturally endowed with the same grading, where Gα (Rα)
is even (odd), while the fermionic subalgebra (29) is not.
3 Asymptotic symmetry algebras
In this section we will propose boundary conditions and compute the asymptotic sym-
metry algebra for the two flat space supergravity theories defined in the last section.
The asymptotic algebras are highly dependent on the boundary conditions chosen, and
hence changing the latter can lead to different algebras. We will focus on specific bound-
ary conditions for the metric at asymptotic lightlike infinity, which can be conveniently
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written down in a Chern-Simons form following [21]. We find that the asymptotic sym-
metry algebras are two different N = 2 extensions of the BMS3 algebra, isomorphic
to the ‘homogeneous’ and the ‘inhomogeneous’ Supergalilean conformal algebras found
in [28] in the context of tensionless superstrings.
3.1 Democratic
Three dimensional asymptotically flat metrics can be described by a metric in BMS
gauge [14] with Eddington-Finkelstein coordinates (u, r, ϕ).
ds2 = γnme
nem =M du2 − 2dudr +N dudϕ+ r2dϕ2 . (31)
A simple parametrization leading to this metric is to take the Chern-Simons connection
(13) in the basis of (29) and in a radial gauge, where the radial dependence r is
completely captured by a group element b
A = b−1(d + a)b , b = exp
(
r
2
M−1
)
. (32)
Here a = a(u, ϕ) only has legs in the u, ϕ components, i.e. a = audu+ aϕdϕ, with:
au = M+1 − M
4
M−1 . (33)
aϕ = L+1 − M
4
L−1 − N
4
M−1 + 14
∑
i=+,−
ψiQi− . (34)
Here M,N and the Grassmann-valued spinor components ψi are functions of (u, ϕ)
only and the index i labels the two fermionic charges. The field equations constrain
these functions as
∂uM = 0 , ∂uN =M′ , ∂uψi = 0 . (35)
Here primes denote derivatives with respect to ϕ. These equations are solved by
M =M(ϕ) , N = J (ϕ) + uM′(ϕ) , ψi = Ψi(ϕ) . (36)
We will now look for the most general gauge transformation which preserves the form
(32)-(34), i.e. we are looking for the gauge parameter λ which satisfy δa = dλ+ [a, λ].
If we parametrize λ as
λ = ξnMn + χ
nLn + 
α
i Q
i
α (37)
Then from solving δaϕ = ∂ϕλ + [aϕ, λ] we find the following 6 relations among the
gauge parameters appearing in λ:
χ0 = −χ+′ , χ− = 1
2
χ+′′ − M
4
χ+ , (38a)
ξ0 = −ξ+′ , ξ− = 1
2
ξ+′′ − M
4
ξ+ − N
4
χ+ − 1
8
ψi+i , (38b)
−i = −∂ϕ+i +
1
4
ψiχ+ . (38c)
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Hence, the variations of the functions appearing in (34) can be expressed in terms of
the four, up to now arbitrary, gauge parameters χ+, ξ+, +i . From the transformation
of the u-component of the connection, i.e. δau = ∂uλ+ [au, λ], we find that
∂uχ
+ = 0 , ∂u
+
i = 0 , ∂uξ
+ = χ+′ . (39)
This fixes the u behavior of the gauge parameters. We take them to be:
χ+ = Y (ϕ) , ξ+ = T (ϕ) + uY ′(ϕ) , +i = i(ϕ) (40)
The variation of the functionsM,J and Ψi under the asymptotic symmetry transfor-
mations is then given by:
δM = −2Y ′′′ + 2MY ′ +M′Y , (41a)
δJ = −2T ′′′ + 2MT ′ +M′T + 2J ′Y + J ′Y + 3
2
′±Ψ
± +
1
2
±Ψ±′ , (41b)
δΨi = −4 ′′i +
3
2
Y ′Ψi + YΨi′ +Mi . (41c)
We can now compute the variation of the asymptotic charges directly from the back-
ground independent result [32]
δQ[λ] = − k
2pi
∫
STr (λ δaϕ) dϕ . (42)
Upon using the supertrace (14) we find that the charges are trivially integrated (as-
suming that the variation of T, Y and i vanishes) to give
Q[T, Y, ±] = − k
4pi
∫ (
TM+ Y J + iΨi
)
dϕ (43)
The Poisson bracket algebra of these charges can then readily be computed using
{Q[λ1], Q[λ2]}P.B. = δλ1Q[λ2]. We represent the result in terms of the Fourier compo-
nents:
Jn = k
4pi
∫
dϕ einϕJ (ϕ) , (44a)
Mn = k
4pi
∫
dϕ einϕM(ϕ) , (44b)
Ψ±r = −
k
4pi
∫
dϕ eirϕΨ±(ϕ) . (44c)
After converting the Poisson brackets to commutators via i{, }P.B. → [, ] and to anti-
commutators {, }P.B. → {, } for the fermionic charges, the asymptotic symmetry alge-
bra reads:
[Jn,Jm] = (n−m)Jm+n + cL
12
n3δm+n,0 , (45a)
[Jn,Mm] = (n−m)Mm+n + cM
12
n3δm+n,0 , (45b)
[Jn,Ψ±r ] = (n2 − r)Ψ±r+n , (45c)
{Ψ±r ,Ψ±s } =Mr+s +
cM
6
r2δr+s,0 , (45d)
{Ψ±r ,Ψ∓s } = 0 = [Mn,Mm] = [Mn,Ψ±r ] . (45e)
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where cL = 0 and cM = 12k =
3
GN
. From this algebra the standard form of the central
terms cL
12
(n3−n), cM
12
(n3−n) and cM
6
(r2− 1
4
) can be obtained by shifting the zero modes
J0 → J0 + cL24 and M0 →M0 + cM24 .
This is the N = 2 super BMS3 algebra found in [27, 29], called the ‘homogeneous’
super Galilean conformal algebra in [28], where this algebra was obtained from an ultra-
relativistic contraction of the two dimensional N = (1, 1) superconformal algebra.
3.2 Despotic
We will now focus on the other (despotic) flat space limit of the last section. Once
again, we take the connection to be in a radial gauge
A = b−1(d+ a)b , b = exp
(
r
2
M−1
)
, (46)
where a = a(u, ϕ) only has legs in the u, ϕ components but are now given by:
au = M+1 − M
4
M−1 + 14ψR− . (47)
aϕ = L+1 − M
4
L−1 − N
4
M−1 + 14 ψG− +
1
4
ηR− . (48)
The fieldsM,N and the Grassmann-valued spinor components ψ and η are functions
of (u, ϕ) only and the field equations for this solution now constrain the functions as
∂uM = 0 , ∂uN =M′ , (49)
∂uψ = 0 , ∂uη = ψ
′ . (50)
The solution is parametrized by the functionsM(ϕ),J (ϕ),Ψ(ϕ) and Θ(ϕ) defined as:
M =M(ϕ) , N = J (ϕ) + uM′(ϕ) , ψ = Ψ(ϕ) , η = Θ(ϕ) + uΨ′(ϕ) . (51)
A gauge transformation δa = dλ + [a, λ] which preserves the form (46)-(48) can be
parametrized by a parameter λ of the form:
λ = ξnMn + χ
nLn + 
αGα + ζ
αRα . (52)
From preserving the form of δaϕ we find that 6 of the gauge parameters in λ are
constrained to be:
χ0 = −χ+′ , χ− = 1
2
χ+′′ − M
4
χ+ − 1
8
ψ+ , (53)
ξ0 = −ξ+′ , ξ− = 1
2
ξ+′′ − M
4
ξ+ − N
4
χ+ − 1
8
ψζ+ − 1
8
η+ , (54)
− = −+′ + 1
4
ψχ+ , ζ− = −ζ+′ + 1
4
ηχ+ +
1
4
ψξ+ . (55)
The four, up to now arbitrary, gauge parameters are χ+, ξ+, + and ζ+. From the
preservation of δau we find that their u dependence should take the form
∂uχ
+ = 0 , ∂u
+ = 0 , (56)
∂uξ
+ = χ+′ , ∂uζ+ = +′ . (57)
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We solve for the u-behavior explicitly by writing:
χ+ = Y (ϕ) , ξ+ = T (ϕ) + uY ′(ϕ) , + = (ϕ) , ζ+ = ζ(ϕ) + u ′(ϕ) . (58)
The variation of the functions M,J ,Ψ and Θ under the asymptotic symmetry trans-
formations is then given by:
δM = −2Y ′′′ + 2MY ′ +M′Y + 3
2
′Ψ +
1
2
Ψ′ , (59a)
δJ = −2T ′′′ + 2MT ′ +M′T + 2J ′Y + J ′Y + 3
2
ζ ′Ψ +
1
2
ζΨ′ +
3
2
′Θ +
1
2
Θ′ , (59b)
δΨ = −4 ′′ + 3
2
Y ′Ψ + YΨ′ +M , (59c)
δΘ = −4 ζ ′′ + 3
2
Y ′Θ + YΘ′ +
3
2
T ′Ψ + TΨ′ +Mζ + J  . (59d)
The expression for the variation of the charges (42) (now evaluated with the supertrace
(23)) is once again trivially integrated and gives the finite and conserved result:
Q[T, Y, , ζ] = − k
4pi
∫
(TM+ Y J + Θ + ζΨ) dϕ . (60)
In terms of the Fourier components
Jn = k
4pi
∫
dϕ einϕJ (ϕ) , (61a)
Mn = k
4pi
∫
dϕ einϕM(ϕ) , (61b)
Θr = − k
4pi
∫
dϕ eirϕΘ(ϕ) , (61c)
Ψr = − k
4pi
∫
dϕ eirϕΨ(ϕ) , (61d)
the asymptotic symmetry algebra is in this case:
[Jn,Jm] = (n−m)Jm+n + cL
12
n3δm+n,0 , (62a)
[Jn,Mm] = (n−m)Mm+n + cM
12
n3δm+n,0 , (62b)
[Mn,Mm] = 0 , (62c)
[Jn,Θr] = (n2 − r)Θr+n , (62d)
[Jn,Ψr] = (n2 − r)Ψr+n = [Mn,Θr] , (62e)
{Θr,Θs} = Jr+s + cL
6
r2δr+s,0 , (62f)
{Θr,Ψs} =Mr+s + cM
6
r2δr+s,0 , (62g)
{Ψr,Ψs} = 0 = [Mn,Ψr] . (62h)
This symmetry algebra is isomorphic to the ‘inhomogeneous’ N = 2 Supergalilean
conformal algebra of [25, 28] with cL = 0 and cM = 3/GN . It is possible to obtain
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this algebra from both a non-relativistic [25] and an ultra-relativistic limit [28] of the
N = (1, 1) superconformal algebra. However, both limits have peculiar properties and
hence we will briefly elaborate on them now. The N = (1, 1) superconformal algebra
is
[L±n ,L±m] = (n−m)Jm+n +
c±
12
(n3 − n)δn+m,0 , (63a)
[L±n ,Q±r ] = (n2 − r)Q±n+r (63b)
{Q±r ,Q±s } = 2L±r+s +
c±
6
(
r2 +
1
4
)
δr+s,0 . (63c)
The non-relativistic limit is defined by the `→∞ limit of the above algebra with
Jn = L+n + L−n Mn =
1
`
(L+n − L−n ) (64)
Θr =
√
2(Q+r +Q−r ) , Ψr =
√
2
`
(Q+r −Q−r ) . (65)
This gives the algebra (62) with cL = c
+ + c−, cM = 1` (c
+ − c−) and with shifted
zero-modes. Because of the vanishing of cL, this limit is not entirely satisfactory as, in
this case, it enforces one of the chiral sectors to have negative central charge.
The other limit, called the ultra-relativistic limit, is obtained by taking ` → ∞,
while the generators scale as
Jn = L+n − L−−n Mn =
1
`
(L+n + L−−n) (66)
Θr =
√
2(Q+r − iQ−−r) , Ψr =
√
2
`
(Q+r + iQ−−r) . (67)
Now the central charges scale as cL = c
+ − c− and cM = 1` (c+ + c−), so we do not
encounter the problem of having to start with negative central charges. However,
this scaling limit is still not well-defined as the Hermitian conjugates of the fermionic
generators are ill-defined in the limit. If we assume that the superconformal generators
Q± are Hermitian (Q±r )† = Q±−r, then due to the factor of i in the definitions (67) we
have
Ψ†r = `Θ−r , Θ
†
α =
1
`
Ψ−r . (68)
Hence the adjoint either diverges or vanishes in the `→∞ limit. A possible resolution
in this case would be to start with a N = (1, 1) superconformal algebra, but take Q−
to be anti-Hermitian (Q−r )† = −Q−−r. The ultra-relativistic limit in this case would
give
(Ψr)
† = Ψ−r , (Θr)† = Θ−r . (69)
Unlike (68), these relations are consistent with the algebra (62) after taking `→∞ and
hence these should be the correct Hermitian conjugates, although it is not clear how this
relation would follow from the point of view of a limit of unitary representations of the
N = (1, 1) superconformal algebra. This problem is the fermionic counterpart of the
known subtleties in defining unitary highest-weight representations of the BMS3 algebra
as a limit from those of the 2D conformal algebra [33, 34]. In fact, by analogy with
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the Poincare algebra, one expects the unitary representations of the BMS3 algebra to
be induced representations. These indeed follow from the ultra-relativistic limit of the
highest-weight representations of the Virasoro algebra [35,36]. It would be interesting
to investigate this relation for the despotic super-BMS3 algebra, but for the moment
we will not worry about this and simply define the Hermitian conjugates as (69).
4 Killing spinors and energy bounds
In this section we will discuss some properties of the two flat space supergravity theories.
We will first look at the energy bounds imposed by the algebra upon assuming Neveu-
Schwarz boundary conditions for the fermions. Then we solve the asymptotic Killing
spinor equation and the exact Killing spinor equation for purely bosonic zero mode
solutions in both of the flat supergravity theories.
4.1 Energy bounds
It is possible to derive an energy bound from the algebras (45) and (62) along the lines
of [37–39]. The wedge subalgebra for both limits is spanned by the set Mn,Jn with
n = −1, 0,+1 while the index for fermionic generators take values r = ±1/2 and r = 0
for the Neveu-Schwarz and Ramond fermionic boundary conditions respectively.
4.1.1 Democratic
The democratic case has as wedge subalgebra the usual N = 2 super-Poincare´ algebra.
In the quantum theory, their bracket (45d) becomes an anticommutator to lowest order
in ~ and the quantum generator M0 associated to time translations is bounded as
M0 = 1
2
∑
i=+,−
(
Ψi1/2Ψ
i
−1/2 + Ψ
i
−1/2Ψ
i
1/2
)− k
2
≥ − 1
8G
. (70)
This bound is saturated by the Minkowski vacuum, which has all charges vanishing,
except M = −1 (and hence, by (44b), M0 = −1/8G).
When imposing Ramond boundary conditions on the fermions, the modes Ψ±r have
integer r and the bound on the quantum generators simply becomesM0 =
∑
i(Ψ
i
0)
2 ≥
0. This bound is saturated by the null orbifold solution of [40], which has all modes
vanishing.
4.1.2 Despotic
In the despotic algebra (62), very unusually, the time translation generatorM0 appears
on the r.h.s of the mixed anti-commutator of the fermions and hence, in the quantum
theory, we have:
M0 = 12 {Θ1/2,Ψ−1/2}+ 12 {Θ−1/2,Ψ1/2} −
1
8G
= 1
2
(Θ1/2Ψ−1/2 + Ψ−1/2Θ1/2 + Θ−1/2Ψ1/2 + Ψ1/2Θ−1/2)− 1
8G
, (71)
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Since the adjoints in this case are given by (69) it is not immediate to derive an energy
bound for supersymmetric quantum states, but we will need some auxiliary results
which are peculiar to this case. Specifically, a new bound on the expectation value of
the quantum operator J0 exists:
J0 = Θ1/2 Θ−1/2 + Θ−1/2 Θ1/2 ≥ 0 . (72)
So the quantum generator J0 is bounded from below and its expectation value must
be positive. We can exploit this atypical result to obtain a bound on the energy as
follows. Call Qr = 1√2(Θr + Ψr) and Q†r = 1√2(Θ−r + Ψ−r). Then we will have in the
quantum theory
0 ≤ Q1/2Q†1/2 +Q†1/2Q1/2 =
1
2
J0 +M0 + 1
8G
(73)
where we used the fact that Ψ anticommutes with itself. From the above equality, the
bound on the energy M0 reads:
M0 ≥ − 1
8G
(4GJ0 + 1) (74)
There is another bound on the energy which can be obtained by considering the com-
bination Q˜r = 1√2(Θr −Ψr) and Q˜†r = 1√2(Θ−r −Ψ−r), i.e.:
0 ≤ Q˜1/2 Q˜†1/2 + Q˜†1/2 Q˜1/2 =
1
2
J0 −M0 − 1
8G
. (75)
So, the despotic supersymmetry algebra forces the energy of states to be bound both
from below and above:
− 1
2
J0 ≤M0 + 1
8G
≤ 1
2
J0 . (76)
Surprisingly, |M0| is bound by J0, instead of the other way around, which would lead to
a customary BPS bound. Hence it seems as if the roles of J0 andM0 are interchanged
in the despotic theory.
The above bound is still saturated by the Minkowski vacuum, for which J and
hence J0 vanishes. However from this argument alone it is insufficient to conclude that
the Minkowski vacuum has the lowest energy. In principle (76) could allow for a state
with J0 6= 0 and with lower energy than Minkowski space. Below we will show that
the solution of the exact Killing spinor equation is only globally well-defined if J = 0
and hence if such a state does exist, then it will not be supersymmetric and hence it
can not saturate the bound (76).
For Ramond boundary conditions on the fermions we can use similar arguments as
above to write
M0 = Θ0Ψ0 + Ψ0Θ0 = 2(Q0)2 − (Θ0)2 − (Ψ0)2 = 2(Q0)2 − J0 ≥ −J0
M0 = Θ0Ψ0 + Ψ0Θ0 = −2(Q˜0)2 + (Θ0)2 + (Ψ0)2 = −2(Q˜0)2 + J0 ≤ J0 , (77)
So again the energy is bound to be:
− J0 ≤M0 ≤ J0 (78)
The null orbifold with M = 0 and J = 0 saturates this bound, but once again, for
states with non-zero J0 the bound on the energy is weaker.
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4.2 Asymptotic Killing spinors
We will now switch our attention to the asymptotic supersymmetry transformations
which leave the purely bosonic solution invariant, i.e. we will solve the asymptotic
Killing spinor equations for both flat limits.
4.2.1 Democratic
The asymptotic Killing spinor equation is obtained by setting the fermionic charges
to zero and demanding that the asymptotic symmetry transformation (41c) doesn’t
generate any new fermionic charge. In other words, we should solve:
δΨi = −4′′i +Mi = 0 (79)
The solution for M 6= 0 is:
i = c
i
1e
−
√M
2
ϕ + ci2e
√M
2
ϕ . (80)
This is globally well-defined when M = −n2, where we take n > 0 without loss of
generality. The bound (70) is saturated for n = 1, which corresponds to the Minkowski
ground state and violated for n > 1, which are angular defect solutions.
When M = 0, the solution is
i = E
i
0 + ϕF
i
0 . (81)
This is single valued only when F i0 = 0 and hence the null orbifold of [15, 16] with
M = 0 = J has a single solution per asymptotic Killing spinor equation. The situation
in this case is a straight forward extension of the N = 1 flat supergravity theory
described in [21].
4.2.2 Despotic
In the despotic case, the asymptotic Killing spinor equations become coupled and they
read explicitly:
δΨ = −4′′ +M = 0 δΘ = −4ζ ′′ +Mζ + J  = 0 . (82)
By inspection it is easy to see that the solution for M 6= 0, J = 0 is the same as in
the last section. When J 6= 0, we obtain:
 = c1e
−
√M
2
ϕ + c2e
√M
2
ϕ . ζ =
(
c3 − c1J ϕ
4
√M
)
e−
√M
2
ϕ +
(
c4 +
c2J ϕ
4
√M
)
e
√M
2
ϕ (83)
Due to the periodicity in ϕ this is only globally well-defined when J = 0 (and M =
−n2, as before). This once again singles out the Minkowski vacuum withM = −1 and
J = 0. Note that in contrast to the previous case, here J = 0 is required explicitly
by demanding the Killing spinor be globally well-defined and hence the energy bound
(76) becomes a hard equalityM0 = − 18G , exactly the value of the Minkowski vacuum.
When M = 0, the solution is simply
 = E0 + ϕE1 , ζ = Z0 + ϕZ1 +
JE0
8
ϕ2 +
JE1
24
ϕ3 . (84)
This is single valued only when E1 = 0 = Z1 and J = 0. Once again, this gives a
single periodic solution per asymptotic Killing spinor for the null orbifold solution.
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4.3 Exact Killing spinors
We will now focus on the exact Killing spinors of the purely bosonic zero-mode solu-
tions. These solutions are described by the metric:
ds2 =M du2 − 2dudr + J dudϕ+ r2dϕ2 , (85)
with constant M and J . For both flat space limits, we will choose a frame where the
vielbein is parameterized by
e =
1
2
M−1 dr −
(J
4
M−1 − rM0
)
dϕ+
(
M+1 − M
4
M−1
)
du , (86)
and the spin connection is
ω =
(
L+1 − M
4
L−1
)
dϕ (87)
In the following sections we are using the Γ-matrices in a basis suited for the bosonic
isl(2) algebra which are denoted by tilde’s (see appendix A).
4.3.1 Democratic
The exact Killing spinor equations are:
D = 0 , Dζ = 0 . (88)
Here D = d+ ω with ω = 1
2
ωnΓ˜n.
The equations can be solved by writing  = Λ−10 and ζ = Λ−1ζ0 for constant
spinors 0 and ζ0 and
ω = Λ−1dΛ , Λ = exp
(
1
2
(
Γ˜+1 − M
4
Γ˜−1
)
ϕ
)
. (89)
Explicitly, the solution to the Killing spinor equations reads:
 =
 cosh(√M2 ϕ) −√M2 sinh(√M2 ϕ)
− 2√M sinh
(√M
2
ϕ
)
cosh
(√M
2
ϕ
)  0 , (90)
and likewise for ζ.
As is the case for the asymptotic Killing spinors, the solution is globally defined
whenM = −n2. When n > 0 there are two independent solutions, while for n = 0 the
Γ˜+1 contribution to  diverges, which can simply be remedied by taking 0 = (0, 
−
0 ).
Hence in this case there is only one independent solution to the exact Killing equation,
exactly as for the asymptotic Killing spinor.
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4.3.2 Despotic
In the case of the despotic flat space limit, finding the exact Killing spinors is a lit-
tle more involved due to the inhomogeneous term involving  in the supersymmetry
transformation of η in (24b). The equations to solve are now:
D = 0 , Dζ = −1
2
enΓ˜n . (91)
The solution for  remains unchanged and we can construct the solution for ζ by adding
the solution of the homogeneous equation with coordinate dependent coefficients to the
solution of the last section. Explicitly, take
ζ = Λ−1ζ0 + Λ−1χ(x) , (92)
where χ(x) is a spinor depending on all coordinates x = {u, r, ϕ} which we will now
determine. The second Killing spinor equation in (91) becomes:
Λ−1 dχ = −1
2
enΓ˜n
= −1
4
Γ˜−1 dr +
1
2
(J
4
Γ˜−1 − r Γ˜0
)
 dϕ− 1
2
(
Γ˜+1 − M
4
Γ˜−1
)
 du . (93)
This implies that χ(x) is a solution to these three partial differential spinor equations
Λ−1∂rχ = −1
4
Γ˜−1 , (94a)
Λ−1∂ϕχ =
1
2
(J
4
Γ˜−1 − r Γ˜0
)
 , (94b)
Λ−1∂uχ = −1
2
(
Γ˜+1 − M
4
Γ˜−1
)
 . (94c)
The first equation immediately gives:
Λ−1χ = −r
4
Γ˜−1+ Λ−1χ1(u, ϕ) , (95)
with χ1 an arbitrary spinor depending only on u and ϕ. After using this in the second
equation in (94), along with the fact that [Λ−1∂ϕΛ, Γ˜−1] = 2Γ˜0, one can observe that
the linear terms in r cancel and we are left with the equation
∂ϕχ1 =
J
8
ΛΓ˜−1Λ−10 . (96)
Explicit integration gives the solution
Λ−1χ1(u, ϕ) =
J
4M
[
ϕ
(M
4
Γ˜−1 − Γ˜+1
)
+ Γ˜0
]
+ Λ−1χ2(u) . (97)
Finally, the u dependent piece is found from the last of equations (94)
Λ−1χ2(u) =
u
2
(M
4
Γ˜−1 − Γ˜+1
)
 = u∂ϕ . (98)
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Hence the general solution to the Killing spinor equations (91) is
 = Λ−10 , Λ = exp
(
1
2
(
Γ˜+1 − M
4
Γ˜−1
)
ϕ
)
, (99)
ζ = Λ−1ζ0 +
[ J
4M Γ˜0 +
( J
2Mϕ+ u
)
∂ϕ − r
4
Γ˜−1
]
 . (100)
This solution contains terms linear in the coordinates. For single-valuedness of the
solution, the term linear in ϕ should vanish, which it does for J = 0. Hence the
presence of an exact Killing spinor in this case explicitly requires J = 0, while the
periodicity requirements remain unchanged with respect to the democratic case (i.e.
we still have thatM = −n2 gives two independent solutions when n > 0 and one when
n = 0). This shows that there are no supersymmetric solutions with constant J 6= 0.
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A Conventions
Throughout the paper we follow conventions where the Levi-Civita symbol is com-
pletely anti-symmetric with 012 = +1 and the tangent space metric is the 3D Minkowski
metric
ηab =
 −1 0 00 1 0
0 0 1
 (101)
The Γ-matrices satisfying the three dimensional Clifford algebra {Γa,Γb} = 2ηab are
taken to be:
Γ0 = iσ2 , Γ1 = σ1 , Γ2 = σ3 , (102)
where σi are the usual Pauli matrices:
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (103)
Finally, the charge conjugation matrix C = iσ2, or explicitly
Cαβ = εαβ = C
αβ =
(
0 1
−1 0
)
. (104)
All spinors in this work are Majorana and the Majorana conjugate of a spinor ψα is
ψ¯α = Cαβψ
β. Our conventions imply that we can use the identities
ΓaΓb = abcΓ
c + ηab1 , Γ
aα
βΓa
γ
δ = 2δ
α
δ δ
γ
β − δαβ δγδ , (105)
CT = −C , CΓa = −(Γa)TC (106)
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In verifying the closure of the supersymmetry algebra on the fields and the off-shell
invariance of the action, the three dimensional Fierz relation is useful.
ζη¯ = −1
2
η¯ ζ 1− 1
2
(η¯Γaζ)Γa (107)
It is sometimes convenient to change basis of the tangent space to one more suited
for the isl(2) algebra in the bosonic sector of flat space supergravity. We do this
by choosing a map to bring the generators of SO(2, 1) ([Ja, Jb] = abcJ
c) to those of
SL(2,R) satisfying [Ln, Lm] = (n−m)Ln+m. This defines a matrix Uan as a map from
the tangent space metric ηab with a, b = {0, 1, 2} to the metric γnm defined in (28) with
n,m = {−1, 0,+1}, satisfying
Ln = Ja U
a
n . (108)
An explicit representation of Uan that does the job is for instance
Uan =
 −1 0 −1−1 0 1
0 1 0
 . (109)
In this basis the gamma matrices satisfy a Clifford algebra with
{Γ˜m, Γ˜n} = 2γnm ≡ 2
 0 0 −20 1 0
−2 0 0
 with: n,m = −1, 0,+1 . (110)
A real representation for the gamma matrices with n,m indices can be obtained by
taking Γ˜n = U
a
nΓa, or explicitly:
Γ˜−1 = −(σ1 + iσ2) =
(
0 −2
0 0
)
, (111)
Γ˜0 = σ3 =
(
1 0
0 −1
)
, (112)
Γ˜+1 = σ1 − iσ2 =
(
0 0
2 0
)
. (113)
In addition to the Clifford algebra (110), the gamma matrices now satisfy the commu-
tation relations
[Γ˜n, Γ˜m] = 2(n−m)Γ˜n+m , (114)
which is just the sl(2,R) algebra.
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